
 

ENGINEERING RESEARCH JOURNAL (ERJ) 

Vol. 1, No. 39 January 2019, pp. 112-120. 

Journal Homepage: www.feng.bu.edu.eg 

 

- 112 - 

Polynomial Modeling of Transformer Hazard  

 

 Mohamed Abd Rabou1, Walid El-Khattam2, Hossam Talaat3  

1Energy Management Head of Quality, SIEMENS, Cairo, Egypt) 

2Electrical Power and Machines Dep., Faculty of Eng. / Ain shams University, Cairo, Egypt) 

3Electrical Engineering Dept., Faculty of Engineering & technology, Future University in Egypt, Cairo, Egypt) 

 
ABSTRACT. The conventional way of forming the hazard lifetime function of transformers applies the best modeling based 
on the history data using Hazard Plotting Approach (HPA) under different functions: Normal Distribution, Lognormal 
Distribution, Weibull Distribution and Smallest Extreme Value Distribution. In this paper will propose a new method to 
develop best modeling using Artificial Neural Network- based polynomial model with minimum error to represent the hazard 
function for transformer. The procedure of applying the proposed methodology is simple. The quality of the obtained results 
ensures the adequacy of applying of this methodology for expecting the failure time of the transformer. 
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1. INTRODUCTION 

Electric power systems should operate at the highest 
efficiency to ensure continuity of supply and reliability of 
serving end-customers. In order to maintain these sound 

managed optimally. Transformers are the highest 
investment in the transmission utility and its failure 
considered a potential risk as when the service stop, the 
transmission utility will pay penalty to both energy 
investors and consumers. Therefore, the importance of 
asset management represented in monitoring transformer 
lifetime is clear. The expected lifetime of a power 
transformer is up to 40 years with reliable operation based 
on the manufactures and utilities common expectation [1-
4]. Normally, a transformer reaches its end-of-life when it 
does not meet the operation requirements anymore [3, 5]. 
The classification of transformer failure factors, i.e. the 
root cause, differ from one place to another as shown in 
Figures 1 and 2 in Hartford, US [1] and Netherlands [6] 
respectively. Figure 1 and 2 describe the different concept 
analysis results may change if the study parameter 

environmental conditions, and load characteristics. 

 
FIGURE 1. Transformer failure factors, Hartford, US 

[1]. 

 
  FIGURE 2. Transformer failure factors, Netherlands 

[6]. 
 

Transformer failures occur due to either excessive 
overloading or system transients. System transients are 
caused by lightning surge, short-circuit faults, switching 
surge, and temporary over-voltages [2]. Figure 3 shows 
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that at early years of transformer operation, the operation 
stress caused by normal operation is much lower than the 
insulation withstand strength. By time, due to the 
transformer aging, the insulation withstand gradually 

increase on the transformer lifetime. Finally, if the 

withstand strength, i.e. the intersection point in Figure 3, 
the transformer will fail earlier than the designed lifetime 
[8].  

 
FIGURE 3 s and aging relation [7]. 

 
Data history can be analyzed to expect the failure rate of 

s science started and 

to grow [9-12]. It was implemented to suggest advanced 
analysis methods, to develop engineering products design 
and manufacturing [13]. The following steps are used to 
statistical
data, Select the proper suitable distribution models, Apply 
curve fitting and estim
and Test the goodness-of-fit to select the best models. 
Finally, a decision support is taken based on the obtained 
ages, reliability, and failure expectation in Figure 4 [6]. 

 
FIGURE 4. Transfor n. 

Literature review showed that the Homogeneous Poisson 
Process (HPP) is used to estimate failure rate between 
groups of transformers to prepare a suitable spare leading 
to continuity of service. The process divides transformer 
population into groups have the same voltage but different 
MVA. Historical field data is applied to mathematical 
models. Results show that the shape of hazard at early ages 
varies significantly according to different transformer 
operation practice. In the meanwhile, the quality of the 
process can be estimated numerically using the  test [14].  
The mathematical model applies various distributions; 
three parameter Lognormal Distribution, Weibull 
Distribution, and Smallest Extreme Value Distribution, to 
generate practical model representation. In [15], the 

probability of life distributions for a different set of 
equipment were examined. An appropriate choice was 
investigated to expresses the rate of failure based on the 
evidence recorded for these equipment  This failure was 
converted into mathematical equations (model) that almost 
reflect failure rates. The model was able to describe the 
method of allocating failure not only to material 
considerations but to the ability of the distribution to 
explain the recorded failure data. However, the model is 
not accurate because it did not use the test procedure to 
accept or reject the model. In [1], two ways (Normal 
Distribution and Weibull Distribution) were examined to 
estimate the average age and standard deviation of a set of 
power equipment. The used distribution provided better 
than the traditional medium-sample technique, which uses 
only the age of the deceased. As both distributions results 
were based on both the age of the deceased and the 
survivors which are more accurate. However, the authors 
failed to compare between these distributions and the error 
between the actual value and calculated value. Also, the 
authors did not identify the criteria for accepting or 
rejecting these [1].  
The main objective of this paper is to develop a new 
methodology for life cycle hazard function modeling for 
transmission utility transformers. Artificial Neural 
Network (ANN) is implemented to obtain goodness of Fit. 
The obtained results will be compared with the 
conventional modeling using Normal Distribution, 
Lognormal Distribution, Weibull Distribution, and 
Smallest Extreme Value Distribution. The performance of 
the proposed modeling compared to the conventional 
modeling using various mentioned distributions will be 
evaluated. The obtained results are reported, evaluated, and 
discussed. 

2. MODELING HAZARD FUNCTION 

Figure 5. Shows the modeling steps of a hazard function 
using conventional Hazard Plotting Approach (HPA) [7], 
The following paragraphs describe the formulation of 
each step.  

 

FIGURE 5. The conventional hazard function modeling 
steps. 

  

4. K-S Goodness of Fit Test

3. Conventional hazard molding

2. Convert arranged data to graph

1. Field data collection & Arrangement 
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2.1. Field Data Collection and Arrangement 
The field data of equipment under study is collected over a 
long time period; from the equipment installation date till 
the end of the study period, as shown in Figure 6.  

 
FIGURE 6. Collected field data history categorization 

The following equations, (1) to (3), are used to calculate 
various equipment ages based on the collected field data:  

        (1)                        
         (2) 

       (3) 
  

Where; 
Eq_ins                is the equipment installation year, 

      is the equipment failure age, and  
   is the equipment salvage age. 

The results obtained from (1) to (3) are arranged 
as shown in Figure 7 to prepare data to plot the hazard 
function, form which Table 1 is created, where:  

Column 1: order the equipment based on its age in an 
ascending order (from smallest to largest). 

Column 2: 
ored equipment). 

Column 3: identify each equipment in reverse rank (krr) 
(the rank of the newest equipment is N) and 
(the rank of the oldest equipment is 1). 

Column 4: recognize each faile

equipment). Calculate the observed 
instantaneous hazard h (i)=1/krr (i), where krr 
(i) is the reversed rank for the ith. failed 
equipment. 

Column 5: calculate the cumulative hazard function H (i) 

hazard function is the sum of all of the 
previously observed instantaneous hazard.   

Table 1.    Format of Transformer Failures Data and 
Hazard Function 

 

The procedure of developing the transformer hazard 
model based on conventional methods of Hazard Plotting 
Approach (HPA) is shown in the Figure 7. 

 
FIGURE 7. Steps of Developing Hazard Model Using 

Conventional Methods. 
 

2.2. Convert the Arranged Data to Graph 
Plot the relation between the failed equipment age(t) (in 
years) and the cumulative hazard function H(i) according 
to the relevant equation, under the various distribution 
models.  

2.3.  Conventional Hazard Modeling 
Four distribution functions can be applied to calculate 
hazard functions: 

A. Normal Distribution 
Normal Distribution (Gaussian Distribution) has wide 
applications in describing product lifetime data. Its 
Probability Distribution Function (PDF), which describes 
the instantaneous function, is expressed by: 

                  (4) 

   
Where; 
 t        is the time, and 
 Are the mean and the standard deviation 
respectively. 
The normal distribution Cumulative Distribution Function 
(CDF) is expressed by: 

                                                          (5) 
Where; 

Z) is the CDF for the Standard Normal 
 

Z=    is the Standard Normal Distribution 

transfer factor, which transfers a 
general Normal Distribution to the 
Standard Normal Distribution. 

The normal distribution hazard function is described by: 

                                                           (6) 

Substituting (1) and (2) into (3), the Normal Distribution 
hazard function can be written as:  

           (7) 

                                                 

Column 5: Comulative the hazard 

Column 4: Calculat the hazard 

Column 3:  Equipment rank

Column 2: Equipment status 

Column 1: Ordring 

age 
(t) 

Censored 
or Failed 

Reversed 
Rank 
(Krr) 

Hazard 
h(i) 

Cumulative 
Hazard H(i) 
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B. Lognormal Distribution 
The Lognormal Distribution is an extension of the Normal 
Distribution, as the logarithm of the Lognormal 
Distribution variable distributes normally. The PDF of the 
Lognormal Distribution is expressed by: 

                         (8) 

 
Where;  
ln (t) is the symbol of natural exponential 
logarithm, 
 is the mean value of ln(t) and is called 

Distribution, and 
 is the shape of a Normal Distribution. 

Therefore, according to the definition, if the variable t 

i
the plot of a Lognormal Distribution is a log scale. The 
lognormal CDF is expressed by: 

                 (9) 

The Lognormal Distribution hazard function is shown in 
the following equation: 

    (10) 

The shape of Lognormal Distribution hazard varies 
 

- 
age t, 

- .5, h (t) is roughly constant 
over age, and 

- 
the most age.  
Therefore the Lognormal Distribution can describe 
different stages of the bathtub curve corresponding to 
increasing, constant, or decreasing hazard rate [7]. 

C. Weibull Distribution 
The Weibull Distribution PDF is given by: 

                           (11) 

Where; 
 are the scale and shape parameters 

respectively.  

corresponding to 63.2% CDF. Thus, it is called the 
 implies the shape of the 

distribution and it is dimensionless. Particularly when 

that of a Normal Distribution. The CDF is describe: 

                                      (12) 

The Weibull Distribution hazard function is [7]: 

                                                     (13) 

Where; 
tribution is equivalent 

to the Exponential Distribution,  
 

 

D. Smallest Extreme Value Distribution 
An extension of the Weibull Distribution, the Smallest 
Extreme Value Distribution is used to describe certain 
extreme phenomena such as the temperature minima, 
material strength, and the first-failed-component 
determined product failure [7]. The PDF of the Smallest 
Extreme Value Distribution is expressed as: 

               (14) 

The CDF is described by  

                                 (15) 

Where; 
 are the scale and the location parameters 

respectively.  

3.2% of CDF and it is called 
the population characteristic life. When applied in product 

4 times as great a  

The Smallest Extreme Value Distribution hazard function 
is: 

                                                   (16) 

2.4.  K-S Goodness of Fit Test 
Kolmogorov-Smirnov test (K-S test) is a method utilized 
to test the fitting goodness of the implemented distribution 
model. Based on this test, the implemented distribution 
model will be rejected or accepted. The following steps 
describe the K-S test implementation, as shown in Table 
2: 

Columns 1 to 3 are exactly the same as discussed in 
Table 1. 

Column 4 to 6: Calculate the reliability function R (i) 
based on the following equation. 

                (17) 

  Where; 
  is the reliability function, and 
   is the reliability at the last failure i-1.  

Column 7: derive the cumulative probability function 
observed CDF ( ) at failure i as: 

                     (18)  

Column 8: calculate the CDF at each failure, which is 
the theoretical CDF ( ) under Normal Distribution.   

                                                (19) 
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Column 9: The maximum absolute difference value 
between the observed  and theoretical  is 
obtained by: 

           
   (20) 

From which Calculate: 

                 (21) 

Where; 

  and N is the total number of equipment. 

M : Total number of failed equipment 
 is the critical value, and 

 is the significance level and also presents the 
probability that the hypothesized model would be 
rejected by the test. 

If DM (r) the distribution model is accepted [16-
18]. 

Table 2. HPA using the equipment lifetime data to do K-
S Goodness of Fit test. 

 

3. PROPOSED MODELING HAZARD FUNCTION 
METHODOLOGY  

3.1 Motivation 

The Historical data of the transformer failures are usually 
characterized by: 

Small size of recorded failures data. 
Repeated data due to having several transformer 
failures in the same year. 
High percentage of censored transformers without 
failure which may lead to having time intervals 
without failures data. 

The application of conventional distribution functions 
may lead to poor modeling of the hazard function due to 
the nature of the available historical data as described 
above. 
3.2  Proposed Methodology 
The proposed hazard function modeling follows a 
procedure similar to that of the convention hazard function 
modeling procedures shown in Figure 5. Therefore, the 
steps used to implement the conventional hazard plotting 
functions are replaced by the proposed hazard function 
modeling using ANN as shown in Figure 8.  
Three new steps are added (Steps 3 to 5). Step 3 prepares 
the data in Table 1 to be used as an input data to the ANN 
model. This data is split into two-third for training and the 
rest is for testing. Step 4 is the training and testing of the 
ANN proposed for the study.  

 
FIGURE 8. Proposed ANN-based Polynomial Hazard 

Modeling. 

 
3.3 Role of Artificial Neural Network 
The artificial neural networks (ANN) inherently 
incorporate powerful mapping and fitting features enable 
the handling of the transformer failures data set with 
having the characteristics mentioned before. Specifically, 
the ANN can filter any repeated data. Also, it can mitigate 
the discrete nature of the data set that has extended time 
intervals without data.  
The historical data will be used to develop an ANN model 
that maps the relation between transformer age and the 
corresponding hazard rate. 

The ANN model, shown in Figure 9, is built as follow: one 
input, one hidden layer having 10 neurons, and one output. 
The input to the ANN is the equipment age, while the 
ANN output is the hazard value.  

 

 
FIGURE 9. ANN fitting using MATLAB model. 
 

3.3 Role of the Polynomial Equation 
The ANN model represents the hazard function of the 
equipment lifetime, however this mathematical model 
cannot be easily handled. In other words, the hazard 
function is required to be expressed in a closed form for 
the purpose of applying mathematical operations; 

model 
described by the ANN is to be emulated by a high order 
polynomial equation. 
Step 5 is used to develop the best fitting polynomial 
equation that describes the ANN equipment model and 
consequently it is used to fit to the hazard function. The 
obtained fitting equation error is calculated and compared 
with those of the conventional distribution models.  
The MATLAB  curve fitting toolbox is used to estimate 
the coefficients of the 8th order Polynomial equation in the 
form: 

6. K-S Goodness of Fit Test

5. Develop Proposed polynomial 

4. Hazard function modeling by ANN 

3. Splitting the data and training ANN

2. Convert Arrangement  Data to Graph

1. Data collection & Arrangement 
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               (22) 

Where; p1 to p9 are the polynomial coefficients to be 
estimated to fit the ANN-model.    

4. CASE STUDY 
4.1 System Description and Field Data  
The case study selected to evaluate the proposed 
methodology is extracted from [7]. The study is based on 
the history of the UK Grid, high-voltage transmission 

substations (400kV and 275kV) [7]. The transformer 
status from 1952 to 2008 are classified as follows: 
a. Transformers operate and fail. 
b. Transformers operate and manually retire. 
c.  Transformers operate and remain in service but with 

unknown future. 

Figure 10. represents the data collected from UK Grid 
Power Transformers which describes the number of 
transformers installed in each year of the study.  

 
 
 

 
FIGURE 10. The number of transformers installed in UK Grid during 1952 through 2008 [7]. 

 

Figure 11. illustrates the number of transformer failures corresponding to each year of the study period. 

 
FIGURE 11. Power Transformer Number of Failures in UK Grid during 1952 to 2008 [7] 

 

The in-service transformers in the UK Grid are shown in Figure 12.  

 
FIGURE 12. Transformer Exposed Number (in-service) during 1952 to 2008 [7] 
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The conventional HPA methods are applied on the case 
study to calculate the error in different models by using 
the K-S Goodness of fit test for each conventional 
distribution model. Based on the proposed methodology, 
ANN-based polynomial, exponential, is apply. 
Data Preparation 
The procedure of forming Table 1 of section 2.1 are 
applied to calculate the values of the hazard h(i) as 
shown in the samples of Table 3. The number of failed 
transformers during the study period is 52 transformers. 
The observed hazard values are plotted against time in 
Figure 13. 

Table 3. Forming the hazard h(i) and Commulative 

historical Data 

 
FIGURE 13. The relation between transformer hazard 

and transformer age 
 

5. RESULTS 
5.1 Developing ANN Hazard Model 

The available data of hazard h(i) is characterized by having 
a discrete nature particularly in the range t=39 and t=48 
which represents a challenge for the conventional 
mathematical formulas.  It should be noted that most of the 
data points belong to the constant failure rate part of the 
bathtub curve. Only one point (at t=48 years) is related to 
the wear out failures part of the curve. Any credible hazard 
function must go through this important point. 
The data of the observed ha

the ANN of Figure 9. 
The input to the network is the age and the output is the 

considered as one pattern. The data are split into two 
groups: 67% of the data are selected as training patterns 
and the rest (33%) are considered as testing patterns. The 
performance of the developed ANN is illustrated by 
Figure 14 which proves that the errors exhibited during 
training and testing procedures are relatively very low.   

 

 
FIGURE 14. Performance of the ANN Hazard Model. 

 
5.2 Emulation of the ANN Model by a Describing 

Equation 
The ANN model is used to generate continuous hazard 
function; however, its implementation is relatively hard 
particularly if some mathematical operations are required 
to be carried out on the hazard function (differentiation, 

ANN is used to derive a describing equation that emulates 
the ANN model through the application of curve fitting 
techniques.  An 8th order polynomial equation is used for 
this purpose. The application of curve fitting tool gives the 
following coefficients:  
 

p1 p2 p3 p4 p5 p6 p7 p8 p9 
4.3
28e
-14 

-
6.2
3e-
12 

3.5
56e
-10 

-
9.9
8e-
09 

1.3
65e
-07 

-
6.6
4e-
07 

-
1.9
2e-
06 

4.2
13e
-05 

0.0
011
1 

 

Age 
(t) 

Censored/ 
Failed 

Reversed 
Rank 
krr 

Hazard 
h(i) 

Cumulative 
Hazard 
H (i) 

1 0 865   
1 0 864   
1 0 863   
1 0 862   
1 1 861 0.001161 0.001161 
1 1 860 0.001163 0.002324 
1 0 859   
2 0 852   
2 0 851   
2 0 850   
2 0 849   
2 1 848 0.001179 0.003503 
2 0 847   

....... ...... ...... ...... ........ 
55 0 2   
57 0 1   
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The output of the developed polynomial equation is shown in Figure 15, which exhibits a hazard values very close to the 
target with a maximum absolute error of  . 

 

FIGURE 15. Curve fitting under polynomial equation. 

5.3 ANN Model Versus Polynomial Models 

The effectiveness of utilizing ANN in modeling the 
transformer hazard function is tested by comparing its 
performance with that of two polynomial models.  The 
first polynomial is obtained by applying curve fitting tool 
directly on the observed hazard data. The second 
polynomial is that obtained in the previous section through 
emulating the ANN model. The performance of these 
three models are compared by calculating the sum of 
square errors index, described by the following equation: 

  
    (23) 

Where, 
h(i) are the observed hazard values,  
hm(i) are the hazard values calculated from model 

m at the same time, 
i is the number of the data sample, 
N is the total number of the observed hazard 

values, 
m is the applied model: Direct ANN, Direct 
Curve Fitting Polynomial or ANN-based 
Polynomial 

The calculated values of the SSE indices are recorded in 
Table 4. 

Table 4.    SSE indices for different models 
ANN 
Model 

ANN-based 
Polynomial 

Direct Curve Fitting 
Polynomial 

0.00044
378 0.00020057 0.1977 

The results show the superiority of the ANN model over 
the two others. Also, it can be concluded that the direct 
curve fitting method is not suitable for modeling the 
hazard function due to its poor performance. Finally, it is 
shown that the proposed ANN-based polynomial model 
has a good performance close to that of the ANN model, 
while providing a simple closed-form model.   
 
5.3 ANN-based Polynomial Model Versus 

Conventional Models 

The historical transformer lifetime data are used to deduce 
the hazard rate function using 4 conventional distribution 
methods, namely: Normal Distribution, Lognormal 
Distribution, Weibull Distribution and Smallest Extreme 
Value Distribution.  The procedure of selecting the best fit 
is described before in Section 2.4. The developed hazard 
models against the observed patterns are shown in Figure 
16. The curves prove that the four distributions fail in 
connecting the hazard values recorded from the historical 
data. The models based on the Lognormal and Weibull 
distributions are very close from the recorded hazard 
values that represent the normal operation of the 
transformer where the hazard rate is almost constant. 
However, these two distributions fail in representing the 
failure part of the transformer lifetime, particularly the 
failure at year 48. On the other hand, the two other 
distributions exhibit hazard functions close to the failure 
point but still with poor performance. The proposed ANN-
based polynomial is plotted on the same figure and shows 
very good shape. The hazard function produced from the 
proposed methodology is passing through ALL the 
historical failure data. It shows a shape very similar to the 
well-known bathtub function.  
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FIGURE 16. Hazard functions developed from 
conventional methods and proposed method 

6. CONCLUSION  

The historical transformer lifetime data are used to deduce 
the hazard rate function using 4 conventional distribution 
methods, namely: Normal Distribution, Lognormal 
Distribution, Weibull Distribution and Smallest Extreme 
Value Distribution.  The procedure of selecting the best fit 
is based on Hazard Plotting Approach (HPA). The results 
of the transformer hazard models based on these 
distributions have led to poor results due to the nature of 
the available historical data.  The proposed methodology 
uses Artificial Neural Network- based polynomial model 
with minimum error to represent the hazard function for 
transformer. The results show the superiority of the ANN 
hazard model. Also, it is shown that the proposed ANN-
based polynomial model has a good performance close to 
that of the ANN model, while providing a simple closed-
form model. The hazard function produced from the 
proposed methodology is passing through ALL the 
historical failure data. It shows a shape very similar to the 
well-known bathtub function. This model can be 
effectively used for expressing the hazard rate of the 
transformer against its lifetime. 

Similar to the well-known bathtub function. Tis model can 
be effectively used for expressing the hazard rate of the 
transformer against its lifetime. Similar hazard models 
may be developed for all other substation components may 
base on the proposed methodology. Provide that its 
historical failure data are available.   
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