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Abstract 

This paper looks at how a mobile manipulator with six degrees of freedom (DOFs) can track the desired 

trajectory. A motion planning approach is proposed based on examining its kinematics models. The forward and 

inverse kinematics are analyzed using the Denavit-Hartenberg technique. The end-location effector and orientation 

are divided into two sections. In the first half, the manipulator provides sub-vectors projected on the Z-axis in the 

world frame, such as location and orientation. In the second half, the mobile base and manipulator follow the 

required path and reach the sub-vectors on the world frame’s axes X and Y, respectively. The effectiveness of the 

suggested technique is demonstrated using simulated outcomes. 
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1.  Introduction 

         A new wave of technology powered by 

mobile manipulators enables us to be versatile in 

many filed such as construction, space, production 

lines, and warehouses. It consists of a robot frame, 

an arm manipulator, tooling, and vision; it will 

possess a broad property when omnidirectional or 

mecanum wheels drive the plate shape. Industrial 

robots have gradually replaced human power to meet 

rising demands regarding cost savings, throughput 

improvement, and personal protection. As a primary 

research subject in robotics, trajectory planning has 

gained a great deal of attention over the past several 

decades since it is crucial to guide a robot toward the 

intended outcome.[1] 

 

Furthermore, the fundamental problem is dealing 

with the limitless number of inverse kinematic (IK) 

solutions that kinematically redundant manipulators 

may detect. IK is more difficult to analyze due to the 

nonlinear forward kinematics, which maps all joint 

angles to the end effector position. It is challenging 

and difficult to solve the inverse kinematics problem 

for robotic manipulators. Due to the geometry of the 

robot and the nonlinear trigonometric equations 

defining the mapping between Cartesian space and 

joint space, this task is tough. So, IK is the method of 
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deciding the individual joint angles for the position 

and orientation of the end effector. Three alternative 

approaches may be used to efficiently solve the 

complicated kinematic structures of redundant real-

time manipulators: analytical or closed approaches 

which is mainly used to solve the robotic arm with a 

definite configuration, numerical approaches which 

based on the Jacobi matrix and approximates the 

optimal solution by numerical iteration, and 

geometric approaches which has a narrower 

application than the analytical method. This method 

solves the inverse kinematic solution of the robotic 

arm mainly by the geometric configuration of the 

robotic arm [2]. Manipulators are run in most 

implementations using a primary method called 

“Teaching and Play,” which requires pre-defining 

joint angles for various activities. However, the 

increased sophistication in tasks and manipulator 

structures increases the manipulators’ adaptability 

and versatility to execute the various tasks. So, 

calculating mutual positions for the different 

configurations of the manipulator using Inverse 

Kinematics (IK) is vital.  

 

Although a closed-form solution to this problem 

is preferred in many situations, it is difficult to locate 

one often. For this reason, several other ways of 

finding a solution to the inverse kinematics problem 

have been suggested. Moreover, IK can be 

implemented based on computational solutions, 

computational algorithms based on optimization 

techniques, evolutionary computation, or neural 

networks. The ability of neural networks (NN) to 

describe nonlinear relationships between input and 

output data for the manipulator has also long been 

acknowledged. They are a great choice to map the 

region between the Cartesian space and the Joint 

space required by the inverse kinematics issue due to 

their capacity to learn by doing. The 6-DOF 

manipulators' inverse kinematics challenge has been 

approached from several angles. The most popular 

method is a speed solution based on a closed or 

iterative Jacobian matrix. These alternatives, 

however, are scalable and offer a variety of 

implementations. However, it needs detailed 

measurements and expansive time costs. In addition, 

it can contain an accumulation of errors and Jacobian 

Singularities [3].  

 

Due to their intricate computations, inverse 

kinematics solutions based on optimization 

techniques are frequently not suitable for real-time 

control. Position-based analytical solutions, also 

known as closed-form solutions, provide superior 

dependability, higher solution speed, and less 

computation than speed-based solutions. The 

positions and DH models of all current 6-DOF 

manipulators are identical; therefore this 

methodology is still universal even if the position-

based analytical solution method depends on the 

geometric configuration of the described 

manipulator. To execute position-based kinematic 

control, Lee and Bejczy were the first to design a 

closed-form inverse kinematics solution in 1991. 

Additionally, they used a parametric method to 

reduce the size of redundant manipulators, and they 

verified that the position-based solution 

outperformed the Jacobian 8-DOF solution based on 

speed. However, the selection of redundant joints has 

a significant impact on how effective the approach is 

[4]. By parameterizing or fixing joint variables at an 

arbitrary value to convert redundant manipulators to 

non-redundant ones, Zaplana and Basanez 

discovered superfluous joints through workspace 

research [5].  

 

The method can offer analytical answers for 

duplicate manipulators with several degrees of 

freedom, but it cannot express the intuitive qualities 

of redundant motion. For 7-DOF manipulators, 

Dahm and Joublin proposed a closed-form inverse 

kinematics method. To describe the elbows self-

motion, they included an auxiliary parameter termed 

"arm angle," from which they deduced the 

expression of all joints for any desired elbow 

position. Additionally, they proposed an early 

technique of joint mapping limitations to the arm's 

angle. The algorithm, however, does not take the 

arrangement of the arm multiples into account [6]. 

Shimizu et al. developed their approach to avoid the 

kinematic singularity. set the third joint's angle to 

zero, redefining the reference plane for the angle of 

the arm. Unfortunately, the approach is unable to 

actively control gun design [7]. Additionally, Yan et 

al. suggested a revised definition of the double arm 

angle and employed two fixed vectors to determine 

the reference plane's orientation [8]. Although the 

link between the arm angle and the joint variables has 

not been seen, the plane created by the two vectors is 

employed as the reference plane since one of the 

fixed vectors is aligned with the shoulder wrist vector 

[9].  

 

 This paper presents an exact velocity equation for 

a kinematic system with Mecanum wheels.  A 

robotic manipulator with six joints is designed for 

this study. This robot has six degrees of freedom due 

to the presence of six joints. The assignment of 

frames to each robot joint is done in accordance with 

the DH protocol. The DH parameters for the robot 

built for this analysis. The robot model was created 

using CAD model definition, which describes the 
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configuration of the robot body, showing the wheels 

and frames. The hardware model description shows 

the motors, controllers, and encoders. Section 2, of 

this article will describe the kinematic model that 

composed of four parts, the description of the model 

arm, the mobile robot model, the integrated model, 

and the fourth section will be the mathematical 

model. In section 3, The results obtained from the 

research are displayed. 

2. CAD MODEL 

The Mobile manipulator demonstrated in this 

paper consists of a mobile platform with four 

mecanum wheels driven by four DC Maxon motors, 

carrying a 6 DOF arm manipulator driven by stepper 

motors. The mobile manipulator is shown in Fig.1. 

The Arm Manipulator was designed in Solid Works, 

and the assembly was composed of two main parts 

(mobile robot and arm manipulator). The model 

design is developed using Solid Works to compute 

all the needed parameters (mass, center of inertia, 

dimension). The model is simulated realistically, and 

all the used parameters are considered based on the 

physical specifications and following the 3D Solid 

Works design of the mobile robot. 

2.1 Mobile robot 

Flexibility to change the geometrical arrangement 

of the robot fast while using the same parts. The 

primary design decisions made in relation to the 

creation of the chassis, engine, and power systems 

are discussed in this section. The chassis was 

primarily developed with lightness in mind to lower 

the amount of energy required to operate the robot. 

The chassis is composed of aluminium bars and 

includes a portion that is both light and sturdy. It is 

designed so that the side rails represent a fixed rail 

where the wheels are attached so that the wheelbase 

cannot be changed easily. 

Fig. 1. CAD model of the mobile manipulator 

Fig. 2. Fully assembled mecanum wheeled robot. 

 

Additionally, these four bars come together to 

form a rectangular stiff linkage at which four fixed 

joints created using a 3D printer may connect four 

short bars supporting the wheels, allowing for the 

stability of the robot's course and ground clearance., 

as shown in Fig. 2.  

The maximum permitted longitudinal/lateral 

terrain slopes are simply deduced given that the robot 

is equipped with one arm in the front part and that the 

power system is made up of a Power source 

positioned in the rear half. In the most crucial 

configuration, i.e., minimal track and wheelbase and 

maximum ground clearance, rollover is avoided up 

to the scenario of a longitudinal or lateral slope of 45 

when the maximum front payload, including arm 

weight, is 15 kg. Four in-wheel electric DC brushless 

Maxon motors power the mobile robot. To offer 

more propulsion, the robot was built with rear motors 

that are more powerful than the front motors. The 

characteristics of the motor are shown in Table 1 

according to the manufacturer. 

 

Table 1. Wheels motor’s characteristics. 

 Rear Motors Front Motors 

Motor mass 650g 454g 

Voltage 48 V 48 V 

Power 90 W 60 W 

Maximum speed 57 rpm 90 rpm 

Tire diameter 6 in 6 in 

 

The wheel motors have several advantages 

regarding an encoder that allows us to get the best 

situation in controlling the robot by a feedback loop 

to minimize the error of velocity and gain the best 

situation for the robot’s path and suitable drivetrain. 

First, the wheel motors have no transmission 

required to be connected to the robot wheels. It 

makes the mechanical design of the vehicle more 

accessible and more reliable. In addition, it lightens 



__________________________________________________________________________________________________________________ 

 

135 

 

Engineering Research Journal (ERJ)                                       Baher Samy et al                                Vol. 51, No. 4 October. 2022, pp. 132-140 

the load, creating more room above the chassis for a 

cargo and underneath it for better ground clearance. 

However, it prevents effects from occurring between 

parts that could be harmed or harm the environment.  

The position measurement tool has been 

determined to be a Maxon prototype encoder. A 

sensitivity of 0.3 μV and a resolution of 14 bits define 

this encoder. The fact that this device doesn't have a 

mechanical connection between the stator and the 

rotor (motion is transmitted from the encoder axis to 

the measuring electronics by utilizing the magnetic 

effect) also makes it particularly suitable for this 

application. This feature reduces the risk of disc 

damages from mechanical vibrations and shocks, 

which frequently occur when standard encoders are 

used in off-road vehicles. 

2.2. Arm Manipulator 

The gripper is fastened to the end of the arm, and the 

manipulator is perched on top of the robot's base. 

Denavit Hartenberg (DH) characteristics, as 

indicated in Table 2, dictate the design of the 

manipulator. All axes of the revolute joints are 

perpendicular to the neighboring ones. The first wrist 

centre point (intersection of axes one, two, and three) 

serves as the origin of the base frame (xb, yb, zb), 

and the z-axis is parallel to the first axis. In the home 

position, which is the position when all joint 

parameters are equal to zero, the x-axis is 

perpendicular to the plane that is spanned by the first 

and second axes. All axes are located in the yz plane 

in this design. he second wrist center is selected as 

the origin of the end effector (xe, ye, and ze) frame 

(intersection of axes five, six, and seven). In the 

home position, the x-axis is perpendicular to the 

plane that is divided by axes six and seven and the z-

axis is congruent with axis seven. The final row of 

Table 2 is zero due to this unusual end effector frame 

selection. However, this entry is still included in the 

Table to allow for the consistent introduction of 

symbolic expressions. Fig. 3 provides a visual 

schematic of the manipulator. Note that the axes of 

joints one and three and five and seven coincide in 

this home arrangement. 

 

Table 1. DH parameters. 

Link 𝒂𝒊 𝜶𝒊 𝒅𝒊 𝜽𝒊 

1 𝑎1 -90 𝑑1 𝜃1 

2 𝑎2 0 0 𝜃2 

3 𝑎3 90 0 𝜃3 

4 0 90 𝑑4 𝜃4 

5 0 90 0 𝜃5 

6 0 0 𝑑6 𝜃6 

 

Figure 3 pictorial schematic of the manipulator 

 

Figure 4. CAD model of the arm manipulator 

3. Mathematical Model 

The mathematical model is based on the following 

equations [10]: 

The pose of the robot is given by: 

ξ1 =   [

𝑥
𝑦
𝜃
]                                                   (1) 

 

      R (ϴ) = [
cos 𝜃 sin 𝜃 0

− sin 𝜃 cos 𝜃 0
0 0 1

]                          (2) 

 

The matrix used for mapping global reference -0 

          ξ̇ = R (ϴ)  ξ̇1                                                   (3)   

 

 From the equation above, Robots’ motion in the 

inertial frame can be computed easily 

        ξ̇1  = R (ϴ)−1 ξ̇𝑅                                               (4) 
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Forward kinematics model 

XR is the positive direction for Robots’ forward motion. 

Let us assume that the velocity of the wheel is 

       ξ̇1 = R (ϴ)−1  [

𝑟 φ̇1

2
+

𝑟 φ̇2

2

0
𝑟 φ̇1

2𝑙
+

−𝑟 φ̇2

2𝑙

]                               (5) 

         R (ϴ)−1 =  [
cos 𝜃 −sin 𝜃 0
sin 𝜃 cos 𝜃 0

0 0 1
]                       (6) 

Wheel Equation and constraint 

 

      𝑣𝐼𝑊 = 𝑣𝐼𝑅 + 𝜔𝐼𝑅⁎ 𝑟𝑅𝑆                                           (7) 

 
 

 𝑦̇𝑤 = 𝑟φ̇ cos(𝛾)                                                                (8)                  
 rolling constraint 

   
 Due to the free rotation of rollers, an additional term 
of  φ̇𝑠𝑤  is added. 
 
 𝑥̇𝑤  = 𝑟φ̇ sin(𝛾)+  𝑟𝑠𝑤φ̇𝑠𝑤                                               (9)  

      sliding constraint 
w𝑣𝐼𝑊 = w𝑣𝐼𝑅  + w𝜔𝐼𝑅 ⁎ w𝑟𝑅𝑆                             (10) 

 

  w𝑣𝐼𝑊 = [
𝑟 φ̇ sin(𝛾) +  𝑟𝑆𝑊  φ̇𝑆𝑊

𝑟 φ̇ cos(𝛾)

0

]                           (11) 

 

  w𝑣𝐼𝑅 =  𝑅𝑠𝑤  𝑅𝑆𝑅 𝑅𝑅𝐼 [
𝑥̇
𝑦̇
0
]  = R (α + β + 𝛾)  R (ϴ) [

𝑥̇
𝑦̇
0
]                               

(12) 
 
R (α + β + 𝛾)  = 

 [
cos(α + β + 𝛾) sin(α + β + 𝛾) 0

− sin(α + β + 𝛾) cos(α + β + 𝛾) 0
0 0 1

]           (13) 

 

 w𝜔𝐼𝑅 ⁎ w𝑟𝑅𝑆 =  [
0 −𝜃̇ 0
𝜃̇ 0 0
0 0 0

] [
𝑙𝑐𝑜𝑠(β + 𝛾)

−𝑙𝑠𝑖𝑛(β + 𝛾)
0

] =                         

[
𝑙𝑠𝑖𝑛(β)

𝑙𝑐𝑜𝑠 (β)
0

] 𝜃̇                                                           (14) 

 

The rolling constraint of the wheel is: 
 
[−sin (𝛼 + 𝛽 + 𝛾) cos (𝛼 + 𝛽 + 𝛾)   𝑙 cos(𝛽 + 𝛾)] 𝑅 

(𝜃)  ξ̇1− 𝑟𝜑̇ ̇cos(𝛾) = 0                                                (15) 
 

[cos (𝛼 + 𝛽 + 𝛾)    sin(𝛼 + 𝛽 + 𝛾)   𝑙 sin(𝛽 + 𝛾)](𝜃) ξ̇1 
− 𝑟𝜑̇ ̇sin(𝛾) +   𝑟𝑠𝑤φ̇𝑠𝑤  = 0                                         (16) 
 
Mecanum wheel specifications 

 
 

Considering   𝑙𝑖𝑥= 𝑙𝑖 cos 𝑎𝑖 𝑎𝑛𝑑 𝑙𝑖𝑦 = 𝑙𝑖 sin 𝑎𝑖      (17) 

Assuming the wheels are the same size, the 
transformation matrix is 

 

𝑇= 
1

−𝑟
[

cos(β𝑖 + y𝑖)

sin(y𝑖)

sin(β𝑖 + y𝑖)

sin(y𝑖)

𝑙𝑖sin(−α𝑖+β𝑖−y𝑖)

sin(y𝑖)

−
𝑟cos(β𝑖)

sin(y𝑖)
−

𝑟sin(β𝑖)

sin(y𝑖)
−

𝑙𝑖sin(−α𝑖+β𝑖)𝑟

sin(y𝑖)

];   (18) 

 
 
 

r+ = 
1

𝑙𝑖
2+1

 [

−
1

2
(𝑙𝑖

2 sin(β𝑖) − 𝑙𝑖
2 sin(−β𝑖 + 2α𝑖) + 2 sin(β𝑖))𝑟

1

2
𝑙𝑖
2 sin(y𝑖 − β𝑖 + 2α𝑖) −

1

2
sin(−y𝑖 + β𝑖)𝑙𝑖

2 − sin(−y𝑖 + β𝑖)

1

2
𝑟(𝑙𝑖

2 cos(β𝑖) − 𝑙𝑖
2 cos(−β𝑖 + 2α𝑖) + 2 cos(β𝑖)) −

1

2
𝑙𝑖
2 cos(y𝑖 − β𝑖 + 2α𝑖) +

1

2
cos(−y𝑖 + β𝑖)𝑙𝑖

2 + cos(−y𝑖 + β𝑖)

cos(α𝑖 − β𝑖)𝑙𝑖r cos(α𝑖 − β𝑖 + y𝑖  )𝑙𝑖

]                 (19) 
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Since the relation between independent variables 

virand in each joint and the system angular and linear 

velocity, assuming no wheel slipping on the ground, 

the inverse kinematic model can be    
  

[

 𝜔1

 𝜔2

 𝜔3

 𝜔4

] = 
1

−𝑟
  

[
 
 
 
 
 
 
cos(β1− γ1)

sin γ1

sin(β1− γ1)

sin γ1

𝑙1sin(β1− γ1− α1)

sin γ1

cos(β2− γ2)

sin γ2

sin(β2− γ2)

sin γ2

𝑙2sin(β2− γ2− α2)

sin γ2

cos(β3− γ3)

sin γ3

sin(β3− γ3)

sin γ3

𝑙3sin(β3− γ3− α3)

sin γ3

cos(β4− γ4)

sin γ4

sin(β4− γ4)

sin γ4

𝑙4sin(β4− γ4− α4)

sin γ4 ]
 
 
 
 
 
 

[

 𝑣𝑋

 𝑣𝑌

 𝜔𝑍

]                                                           

(20) 

Inverse kinematics in the Jacobian form 
 

𝑇= 
1

−𝑟

[
 
 
 
 
 
 
cos(β1− γ1)

sin γ1

sin(β1− γ1)

sin γ1

𝑙1sin(β1− γ1− α1)

sin γ1

cos(β2− γ2)

sin γ2

sin(β2− γ2)

sin γ2

𝑙2sin(β2− γ2− α2)

sin γ2

cos(β3− γ3)

sin γ3

sin(β3− γ3)

sin γ3

𝑙3sin(β3− γ3− α3)

sin γ3

cos(β4− γ4)

sin γ4

sin(β4− γ4)

sin γ4

𝑙4sin(β4− γ4− α4)

sin γ4 ]
 
 
 
 
 
 

             (21) 

 
And the forward kinematics. 

  [

 𝑣𝑋

 𝑣𝑌

 𝜔𝑍

]  =  T+ [

 𝜔1

 𝜔2

 𝜔3

 𝜔4

]                                             (22) 

For four mecanum omnidirectional solutions, the 

parameters of this configuration are in the following 

Table 

i wheels α𝑖 β𝑖 γ𝑖 𝑙𝑖 
𝑙𝑖𝑥 𝑙𝑖𝑦 

0 1SW 
𝜋

4
 

𝜋

2
 

−𝜋

4
 l 

𝑙𝑥 𝑙𝑦 

1 2SW 
−𝜋

4
 

−𝜋

2
 

𝜋

4
 l 

𝑙𝑥 𝑙𝑦 

2 3SW 
3𝜋

4
 

𝜋

2
 

𝜋

4
 l 𝑙𝑥 𝑙𝑦 

0 4SW 
−3𝜋

4
 

−𝜋

2
 

−𝜋

4
 l 𝑙𝑥 𝑙𝑦 

 

By replacing the parameters from the Table with the 

matrix 

 

𝑇 = 
1

𝑟
  

[
 
 
 
 
1 − 1 −(𝑙𝑥 + 𝑙𝑦) 

1 1 (𝑙𝑥 + 𝑙𝑦)

1 1 −(𝑙𝑥 + 𝑙𝑦)

1 −1 (𝑙𝑥 + 𝑙𝑦) ]
 
 
 
 

                                      (23) 

 

T+ = 
𝑟

4
 [

1 1 1 1
−1 1 1 −1

−
1

(𝑙𝑥+𝑙𝑦)

1

(𝑙𝑥+𝑙𝑦)
−

1

(𝑙𝑥+𝑙𝑦)

1

(𝑙𝑥+𝑙𝑦)

];                  (24) 

 

Therefore, the inverse kinematics 

 

[

 𝜔1

 𝜔2

 𝜔3

 𝜔4

] = 
1

𝑟
 

[
 
 
 
 
1 − 1 −(𝑙𝑥 + 𝑙𝑦) 

1 1 (𝑙𝑥 + 𝑙𝑦)

1 1 −(𝑙𝑥 + 𝑙𝑦)

1 −1 (𝑙𝑥 + 𝑙𝑦) ]
 
 
 
 

[

 𝑣𝑋

 𝑣𝑌

 𝜔𝑍

]                         (25) 

 

 𝜔1= 
1

𝑟
 ( 𝑣𝑋 −  𝑣𝑌 – (𝑙𝑥 + 𝑙𝑦)𝜔),                                 (26) 

 𝜔2= 
1

𝑟
 ( 𝑣𝑋 +  𝑣𝑌 + (𝑙𝑥 + 𝑙𝑦)𝜔),                               (27)  

 𝜔3= 
1

𝑟
 ( 𝑣𝑋 +  𝑣𝑌 − (𝑙𝑥 + 𝑙𝑦)𝜔),                               (28) 

 𝜔4= 
1

𝑟
 ( 𝑣𝑋 −  𝑣𝑌 + (𝑙𝑥 + 𝑙𝑦)𝜔).                               (29) 

 
And the forward kinematics 

 

[

 𝑣𝑋

 𝑣𝑌

 𝜔𝑍

]  = 
𝑟

4
[

1 1 1 1
−1 1 1 −1

−
1

(𝑙𝑥+𝑙𝑦)

1

(𝑙𝑥+𝑙𝑦)
−

1

(𝑙𝑥+𝑙𝑦)

1

(𝑙𝑥+𝑙𝑦)

] [

 𝜔1

 𝜔2

 𝜔3

 𝜔4

]    (30) 

 
  

R 0.05m 
Lx 0.026m 
Ly 0.026m 

 

RESULTS  

Experiment is conducted using our mobile 

manipulator experimental setup shown in Figure 5. 

To verify the effectiveness of proposed controllers 

and highlight the benefits of the mechanical wheel 

mechanism. 

A pen is installed in the center of gravity (CG) of the 

robot’s chassis to following a circular path   with a 

circle diameter of 2-meter Figure 5. 

 

 
Figure 5. path following experiment 

 

The result of the circular path following the robot in 
figure 5.  

 
Figure 5. circular path following. 
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The second experiment uses the motor’s encoder to extract the PWM VS Y_ distance and PWM VS X Distance 

Both for large motor and small motor as follows:  

Figure 6. PWM large motor VS Y distance. 

Figure 7. PWM small motor VS Y distance.  

 

Figure 8. PWM large motor VS X distance. 

Figure 9. PWM small motor VS X distance 
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4. CONCLUSIONS 

This study examines the compatibility of a 

holonomic wheeled mobile robot with four 

Mecanum wheels with its intended and theoretical 

pathways. For the purpose of researching the 

kinematics and route tracking for this kind of WMR, 

a real-world prototype model has been created. The 

WMR makes slight mistakes while following a 

circular course in the first trial, and the second 

experiment demonstrates the scope of the control 

system's strength and precision as well as the 

relationship between big and tiny motors. The 

outcomes of two studies demonstrated good 

agreement between desired and actual route tracking 

and confirmed that the errors in the x, y, and 

orientation are within acceptable bounds 
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